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Abstract: A hierarchy of three-component generalization of Burgers equation, which
is associated with a 3 x 3 matrix eigenvalue problem, is generated by using the zero-
curvature equation. By means of the trace identity, the bi-Hamiltonian structures of this
hierarchy are constructed. Moreover, the infinite conservation laws for the hierarchy are
obtained with the aid of spectral parameter expansion.
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1 Introduction

It is well known that soliton equations, a kind of nonlinear evolution equations, are
infinite dimensional integrable systems. Searching for new integrable models has been an
hot topic in mathematical physics, lots of famous soliton equations are found (see e.g. Refs.

[1-5] and the references therein). Among the numerous equations, Burgers equation has
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attracted significant attention. The Burgers equation was first proposed by Burgers [6,7]
as a model in the study of turbulence. It can be widely applied in various fields of science,
such as fluid mechanics, aerodynamics, heat conduction and traffic flow, etc [8-11]. In
the present paper, our study is focus on a hierarchy of new nonlinear evolution equations
which can be reduced to the famous Burgers equation. The Hamiltonian structures and
conservation laws of this hierarchy will be studied depending on the trace identity [12-14]

and its Lax pairs [15-19].

In this paper, we propose a hierarchy of new nonlinear evolution equations which is
related to a 3 x 3 matrix spectral problem with three potentials. The first nontrivial

member in this hierarchy is a three-component generalization of Burgers equation

u = (3w, — uw + 20),,
U = (2Wap + Vs)z — 204y — 20W, — VW — UL, (1)

wy = (—w, — 2w? — uw),,

as w =0, Eq. (1) can be reduced to the Burgers equation [6,7]

Ut = Upy — Ully. (2)

The arrangement of this paper is as follows. In the following section, we obtain a
hierarchy of three-component generalization of Burgers equation with the help of the zero-
curvature equation and the Lenard recursion equations. Then in Sec. 3, the generalized
bi-Hamiltonian structures are established based on trace identity. Sec. 4 is devoted to

giving the infinite conservation laws of the first two nontrivial equation.
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2 Three-Component Generalization of Burgers Equa-
tion

In this section, we shall derive a hierarchy of three-component generalization of Burgers

equation associated with the following 3 x 3 matrix spectral problem

(0 0 1 0
Ve =U¢, Y= 14|, U=]A+v u |, (3)
3 w 0 0

where u, v, and w are three potentials, and A is a constant spectral parameter. First, we

consider the stationary zero-curvature equation
‘/$ - [U7 V] = 07 V = (‘/7lj)3><37 (4>

which is equivalent to

Vite = Vo + (A +0)Vig +wViz = 0,

Vige + Vi1 +uVig — Voo =0,

Vize + AVig — Vg = 0,

Vor,e — uVar — AV + (A + ) (Vag — Vip) + wVas = 0,

Vagg — (A +v)Vig — AVsy + Vo = 0, (5)
Vaze — (A +0)Viz — uVaz + A(Vag — Va3) = 0,

Vaie + (A +v)Vao +w(Vag — Vip) =0,

Vao e — wVig + Va1 +uVay = 0,

Vaze — wViz + AV = 0.

If we define each entry V;;(B, C, D) as follows:

Vii = —20B 4 (= + ud +v)C + AN(C + D), Viuo=B, Vis=\C,
Var = (=202 +v)B + (0ud + 0v — 8*)C + \(B + wC + 0C + dD),

Vg = (=0 +u)B 4 (=0* + ud + v)C + \(C + D), Vaz = A(B +dC),
Va1 = wB — (Qw + uw)C + (8% + ud)D, Vi =wC — 90D, Va3 =MD,



where 0 = 0/0x, substituting (6) into (5) yields the Lenard equations

(=302 4+ Ou) B + (—20% + 20ud + 20v)C + A\(20C + 30D) = 0,
(—20° 4 2ud* + dv + vI) B + (—8* 4+ ud® + 0*ud + 0*v — udud — udv)C
+A[20B + (0% + 20w + wd — ud)C — 2udD] = 0,
(Ow + 2wd) B + [wd? — 0*w — I(uw) — uwd]C + (0* + dud — vd)D — NID = 0.
The functions B, C' and D can be expanded into a Laurent series in \:
B=) Bx7, C=) Cix7, D=Y D7 (8)
j>0 j=0 j=0

Substituting (8) into (7), we obtain the Lenard equations
KGj:JGj+1 (]ZO), JG():O, (9)

where G; = (B;,C;, D;)", K and J are two operators defined by

K= K21 K22 0 s J = —20 J22 2u0 ; (10)
8w + 211)@ Kgg K33 0 0 8

where
K12 = —283 + 20u0 + 282]7

Ko = =20 + 2u0? 4 Ov + 00,

Koy = —0* +ud? + 0%ud + 0*v — udud — udv,
K3 = wd? — 0*w — d(uw) — uw,

Ks3 = 0% + 0ud — 00,

Jyg = —0% + ud — 20w — wo.

It is easy to see that

kerJ = {cogo + Cogo + cogo | Vco,Co,co € R}
with
g0 = (—w,1,0)", G =(1,0,00", go=1(0,0,1)", (11)



where gy € kerK. To find a general representation of solutions of (9), we introduce two

special Lenard recursion equations
Kgj = Jgj+, Kg; = Jgjs1, Jj =0, (12)

then we have

—Wgz + 20w — (uw), — 3ww, — Juw? — 4w?

2uw — v + 3w? , (13)

91
—w, — uw — 2w?

3

1

g1 = —%u — %w . (14)

_1 3 i _ 1,24 15,2
UW — 5V + Wz + Uy — gU” + TW

w

It can be verified that JGy = 0 has a solution

Go = apgo + QoGo, (15)
then we obtain a special solution
G = apgj + 0oy, (16)

where oy and Qg are arbitrary constants.

Now, we consider the auxiliary spectral problem

by = Vg Y = (Vij(B(m)’ com). D(m))) , (17)
3x3
where
B =3 "BAm, M =", DI =y T DA (18)
§=0 j=0 §=0

The compatible condition of (3) and (17) yields the zero-curvature equation Uy, — Vi 4

[U ) V(m)] = 0, which is equivalent to a hierarchy of nonlinear evolution equations

(ug, ,ve, wy, )T = Xop = KGpy = JGps1, m > 0. (19)



Especially, for g = 1,9 = 0,m = 0, we have the three-component generalization of

Burgers equation

Uty = IWyy — UpW — UWy + 20,
Vg = 2Wype + Vpgp — 2U0Wey — 20W, — VW — UVyg, (2O>

Wiy = — Wy — 4WW,; — Uy W — YWy,

which is equivalent to Eq. (1) for to = ¢. It is easy to see that Eq. (1) has the Lax pair

%« = U%
wt - Vl/J?

¢ = <77ZJ1’ ¢27 ¢3)T

where

0 10 2w, + v+ A —w A
U=1X+v u \N|, V=|2wy, —vw+v, w,—uww+v+\ —Iw

w 0 0 —w, —uw — w? w 0
For w = 0, Eq. (20) is reduced to Burgers equation (2).

The second member as oy = 0, = 1 in the hierarchy (19) is

3 1 9 9 3 45 3 1, 15 , 3,
Uy = | wWag + —Upy — —UpW — =UWy + —Vp — —WW; — UV — VW — —U° + —uw’ + —u"w | ,

4 4 4 2 2 4 2 8 8 4
3 15 9 1 3 3 1 1,
Vg = | Uggr — ZUgaW — SUWyg — —WWgy — =~UpWy — —UVp — =VpW — —VWy — — UV — —UV
2 2 2 2 2 4 4 8

15 3 3 3 1
_—wi — —v2) + —u (umw + 2UWsy + OWW,y + 5wi + 3u$w$) + —VWep + —Uge U — UVgy

2 4 2 4 4
U + Sugvw + 3uvw, + it + gvwa + S vww, + §u2vx,
3
Wi, = Wagg + éuwm + wam + Zumw + ?uwwfc — Qvgcw + Zuuagw — §Uwz + Zuzwz
+3u2w + 15 ew? + 19 2 + 12
8 Y 4" 8 R

(21)
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3 The Generalized Bi-Hamiltonian Structures

In this section, our aim is to obtain the Hamiltonian forms of the hierarchy (19). By

direct computing, we get

tr(Vg—g]\) :%2+%2:B+MC—D$,

tr (Vaa—g) = Voo = (uB — B,) + (uCy +vC — Cpy) + AM(C + D), (22)
tr Va—U =Viw=B, tr Va—U = Vi3 = \C.
ov ow

Using the trace identity [12-14], we have

b o0 9 9

(o ) B+ uC = Do)y = g | (4800, (2
55 4 L0

<E’ %,@> (B+wC—D,)|, = {A PN ] (4, B,XC)|, _, (24)

where A = uB — B, +uC, +vC —Cpp + A(C+ D), 71 and 7y, are two constants to be fixed.
Substituting (18) into (23) and (24), and equating the coefficients of A=/, we deduce that

1
Nn=-Lv= -3 and

O o0 o .
( ><Bj +wC; = Dig)|s o= 1= +m) (A, B, Cy) |5y (25)

ou’ ov’ dw
o o6 0 .
<£, 50 @) (Bj +wCj — Dig)|, o= (1 =5 +%) (4, B, Cy) |, ., (26)
where
Aj=uB;_1 —Bj_1, +uCj_1, +vC;_1 — Cj_1 40 + C; + D;.
From (25) and (26), we arrive at
T
(%,%, %) Hj = (Aj, Bj-1,Cy)", j=1 (27)
with
Hj = —l(Bj +wC—Dje)|  + (B + wCj = Dja)|
J go=0 172 ap=0




from which we obtain the bi-Hamiltonian [20,21] form of (19)

) )
u Su du
v =K % Hm =J % Hm—i—l; m Z 07 (28>
d 6
w/, 5w Em
where
I?H }?12 }?13 60 —382 — 30u —20
]% = ["(’,21 [?22 [?23 ) j: 30% — 3ud (722 ud — 0? ’ (29>
[?31 [?32 ]’?33 —20 ou + 82 0
~ 9 1
K — 2 3 —1
11 5 28u8 Ua,

Kis = —39* — 30%u + Oud® + ;827) + ;81;6 + Judu — %8(1”]) — %01@_108,

K3 = —20° + 30%w + ;awa + 20ud — O(uw) + 20V — %(9u8_1w8,

Ko = 30" — 3ud® + 8*ud — 21@2 —~ ;81}8 — udud — %uv@ —~ %81}811@,

Ky = —20° — 20"u + 2ud"* + %0 + v0® + 0%00 + O + 2ud*u — ud*v + vd*u
— udvd + dvou — %81}2 — %2120 — %U@’U — %81}8‘11)8,

Koz = —0" + 20%w + ud® + 0*ud + 0*wd — 2ud*w + 8*v — udud — udwd
— J(vw) — vow — %vw@ —udv — %81}8_1108,

K31 = —20° — 30d* — gawa — 2000 — uwd + 200 — %8@)8_11@,

Ko = 0" + 200 + &Pu + 0ud® + 0wd?* + 2wd*u — vd* + Judu + dwdu — vwd
— wov — %8(1}1{)) —vou — %811}81@8,

Ksz = wd?* — 02w — 0w? — w20 — 2wdw — uwd — O(uw) — %Gwa_lwa,

Jog = —20% — 20%u + 2ud? + v + Ov + 2udu.

In particular, Eq. (20) can be written as
5
ou du
6
v

to dw dw
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with the Hamiltonian
Hy=u+w, H =uww’+w®—ow—ww,.

Eq. (21) can be written as

u u u
v| =K 2 Hy =17 2| Hs, (31)
with the Hamiltonian
H =v— -uw— ;uz + ;wz + %u2 — 211)2,
Hy = —=(By + wC3 — Dy,)

4 Conservation Laws

In order to obtain the infinite conservation laws which correspond to the hierarchy

(19), we set
n=2t m= (32)
then the spectral problem (3) is reduced to Riccati type equations
Gra+ WP, — P =0, oy — VP — Uy — APy — A + whig = 0. (33)
Expanding ¢, and ¢, as series in powers of A
01 = i /@j)\’j, Oy = ixj)\j, (34)
j=0 J=0

then substituting (34) into (33) and comparing the coefficients of A, we obtain

ko= —1, K1 =w,+v—uw—w?,

Ko = Wazz + Vge — (VW) 4z — 3(w0) 4 + 3uzw? + Juww, + 1w?w, — 4w? — Sww,,
— 0% 4 3uvw + 4w — ww,, — uv, + vugw + uPw, — 2utw? — Suwd — Jw?,

Xo =W, X1= Wee+ Uy — (uw), — dww, — 2wv + 2uw? + 2w?,

(35)



the recursion formulas for x; and x; (j > 0)

j
Xj = Kja + WY Kikj_i,
= (36)

i
Kjtl = Xja — UKj — uX; + W Y KjXji-
=0

On the other hand, it is easy to see that

(9 wS,x - a w3,t
TR T (37)
from which we have
0 0 m m m
87(“@1) = or (‘/},(1 )¢1 + V3(2 )¢2 + V3(3 )>- (38)

Assuming that p = w¢y, 0 = V3(1m)¢1 + V3(2m)¢2 + Vg(én), then (38) can be written as
ptm = Og.
For Eq. (20), one infers

p=weo, o= —(w2 + wy, +uw)¢1 + wos.

We expand p, o as
oo o0
p= Z PN, o= Z giN, (39)
j=0 Jj=0
where the coefficients are called conserved densities and currents respectively, then the

first two conserved densities and currents read

Po = —w,
_ a2 3

P1 = WW, + WU — uw w",

0o = 2w? + w, + ww, (40)
_ 2 2 2

01 = —W,U — UWW; — UVW + Wy, + WU, — Uzw” — 4w w, — 3w v

+ vwPw? — w2 + duw? + 3w,
The recursion relations for p; and o;(j > 0) are as follows
p; =wk;, 05 =—(w+w, +uw)r; + wx;, (41)

10



where ; and y; can be recursively calculated from (36).
With regard to Eq. (21), we have
p= w¢1,
()\w — vw + 1 www + uww + uwx + Way + 2w+ %uw2 + %w?’)gbl
— (%uw + %w2 + wx)gbg + Aw.

Expanding p, o as (39), the first two conserved densities and currents read

Po = —w,
_ 2 3
Pl = WW, + VW — UW* — W~
_ 3 15 3 3 3,2 15,,..2 _ 35,3
JO—QUw—Iwa, wm—zumw—iuwm—guw—Iuw —gw,
o1 = (%uw ——vw—i— wwx—i— uzw—l— uwm—i—gu w+ 4 w —|—wm)(wx+v—uw—

+ whky — (uw + 3w? +w,) xa.

The recursion relations for p; and o;(j > 0) are as follows

Pj = WKy,
__ (15 1 9,,,2 1 15,3
aj—(4ww$—§vw—|— SULW + uww—i—wm—l— w—l—zuw —|—§w)/ij
1 3,2
twkj — (uw + 5w’ +w,)

where x; and y; can be obtained from (36).

5 Conclusions

w?)

(42)

(43)

We proposed a new integrable system which is related to a three-component gener-

alization of Burgers equation. By utilizing the trace identity, the bi-Hamiltonian forms

of the hierarchy (19) are established. We also constructed the infinite conservation laws

which are in accordance with the hierarchy (19). In the future papers. we will discuss the

soliton solutions of the three-component generalization of Burgers equation by Darboux

transformation, Riemann-Hilbert method. an so on. The algebro-geometric solutions of

the entire hierarchy (19) mayv be obtained in terms of the Riemann theta function.

11
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Appendix

In what follows, we will prove that the operators K , J defined in (29) are bi-Hamiltonian
operators [20-24]. Since K , J are obviously skew-symmetric, we only need to prove that

K, J fulfill the following two conditions:

(i) The Jacobi identities hold, i.e.
(T flg: b+ T LJglh, f) + (T [Th]f.9) =0, (A1a)
(K'[K flg. h) + (K [Kglh, f) + (K'[Kh)f. g) = 0, (A-10)
where f = (f1, fo, f3)%, 9 = (91,92, 93)" and h = (hy, hy, hs)T are vector functions.
(ii) The compatibility of two operators K, J, that is,
(K'[Jf1g, h) + (J[K flg. h) + c.p. = 0, (A-2)
where “c.p.” denotes the cyclic permutation.

Firstly, we will prove that the operator J satisfies Eq. (A.la). Denoting J f =
(Fy, By, F3)T, where

Fl - 6f1x - 3f2zx - 3(uf2):c - 2f3a:7
FZ = Sflxx - 3uflm - 2f23c:r:1: - 2(uf2)mc + 2uf23m + /UfQI + (UfQ)m + 2u(uf2>:1: + uf?)x - f3:1::):7
F3 = _2f1x + (uf2>z + f2:mv-

Then
0 —30F; 0
TTf] = | =38R0 —20°F +2R0* + F,0 + OF, + 2F10u + 2udF,  Fy0
0 oOF, 0
—3(F192)z
j[jf]g = | =3F1910 — 4F 10920 — 2F10092 + 2F2920 + Fougo + 4uF1gop + 2(uF1) g2 + F1g3.
(F192)x

12
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According to the definition for the inner product:

(r.9) = [ soda,

the representations of (jl[jf]g,h), (T[jg]h, f) and (j/[jh]f, g) are generated. Further-

more, we obtain
(T [Tflg. 1) + (T [Tglh, f) + (T [Tl f, g) = 0.
So the operator J is a Hamiltonian operator. Similarly, we can get that the Jacobi identity

Eq. (A.1b) holds and the operator K is a Hamiltonian operator, too.

Next, we will prove that the Hamiltonian operators K and J are compatible, that is,

they should satisfy Eq. (A.2). Let us define K f = (A;, Ay, A3)T by

A = Kllfl + f(ufz + f?13f3,
Ay = [?21]01 + [?22f2 + [?23f3>
As = I?Zﬂfl + f?32f2 + f?33f3-

Then
0 —30A4; 0
TJIKf) = | =340 —20°A, +24,0% + A0 + Ay + 2A,0u + 2udA, A9
0 0A, 0
_3(A192)x
J[Kflg = —3A1012 — 4412922 — 2A12292 + 24292, + Aopga + 4uA1Goy + 2(uA1) g2 + A1G3e
(A192)$

[?1191 + [?1292 + [?1393
K/[Jf] - ([?{4>3><3’ K/[Jf]g - [?élgl + [?é292 + I?ésgs )
K:/ngl + K:;292 + KZ;SQS

13



where
Ky = —%aﬂalua - %(%8158,
Riy = —30°F + OR0" + S0°F, + S0R0 + OFdu + 0udFy — L0(Fv) — 0(uF)
19ud 1 Fyd — L0010,
K, = 30°F, + gaFga +20F0 — O(Frw) — O(uFy) + 20F — %8F18_1w8 - %aua—nga,
Ky, = —3F0° + 0*°F10 — 2F2a2 — gaFga — F10ud — udF0 — %quﬁ — %Fﬂ)@
1900 R0 — 10F,0 o,

Ky = —20'F 4+ 2F,0" + 0°Fy + F,0° + 0°Fo0 + 0F50% + 2F10°u + 2udPFy — ud*Fy — F10%v
+ v’ Fy 4+ F,0%u — Fi0vd — udF0 + OvdF, + 0F20u — OvFy — vF>0 — 1 F>0v — Sv0F,
— 20F07'00 — $0v0~ F»0,

Koy = 20°Fy + F10° 4+ 0°F10 + 0*F30 — 2F,0%w — 2ud*F3 + 0*Fy — FL0ud — udF,0 — Fi0wd
— udF30 — O(vF3) — O(Fow) — vOF3 — Foow — %vFga — %Fgwﬁ — u0F, — Fj0v

— L0F07wd — 10w~ F30,
3
2
Ky, = 2F30° + 8P Fy + OF,0% + OF30° + 2w0*F) + 2F30%u — F20° + OF10u + OudF; + OwdF,

~ 1 1
K31 = —3F382 — @Fg@ — 28F18 — uF3(9 — Flwa + 2F28 — §8w8_1F18 — §8F’38_1u8,

+ 0F30u — vF30 — Fowd — woF, — F30v — %8(1}]73) — %8(F2w) — Fy0u —vOoF,
— %8F3(9_1v(9 — %811)8_1}7’28,
Kyy = F30% — 9?Fy — 20wF; — 20F30 — 2F30w — 200 F; — uF30 — Frwd — 0(uFy) — 8(Fiw)
— 20F307'wd — $0wd ' F30.
By some complicated calculations, we have the following result

(K'[Tf]g,hy + (J'|K flg, h) + c.p. = 0.

So K and J are two compatible Hamiltonian operators.

14
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